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Abstract

Analytical equations for temperature distribution and heat transfer rate from a cylindrical pin fin with orthotropic thermal conduc-
tivity, encountered in the use of thermally enhanced polymer composites, are derived and validated using detailed finite-element results.
The thermal performance of such fins was found to depart from the classical fin solution with increasing radial conductivity-based Biot
number. The in depth analysis of developed orthotropic axi-symmetric pin fin temperature and heat transfer rate equation is carried out

to better understand the heat flow rate in such fins.
© 2006 Published by Elsevier Ltd.

Keywords: Orthotropic thermal conductivity; Biot number; Pin fin heat transfer; Polymer composites; Carbon fiber; Fin optimization; Heat sink

1. Introduction

Recent advances in polymer composites, using carbon
fiber [1], and graphite fillers [2] to increase the thermal con-
ductivity, have made such materials viable alternatives to
conventional metals in the design and fabrication of heat
sinks and heat exchangers [see in Table 1]. Ongoing
research into the use of carbon nanotubes (CNT’s) [3] in
epoxy matrixes may yield further improvements in such
polymer composites. In addition to the manufacturing
advantages offered by such moldable, high thermal conduc-
tivity composites, their relatively low density can provide a
significant weight reduction and require less energy [4] for
formation and fabrication than copper and aluminum,
yielding an important contribution to sustainability.

Conventional polymers can be expected to display ther-
mal conductivities in the range of 0.15-0.5 W/mK, but with
the addition of high thermal conductivity continuous car-
bon fibers these composites can reach thermal conductivi-
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ties of 300 W/mK in the fiber axis direction, as shown in
Table 1. They display far lower thermal conductivities in
the orthogonal (perpendicular to fiber axis) direction, with
values that are as much as two orders of magnitude lower
at 3 W/m K. Use of pitch based discontinuous fibers results
in axial conductivity up to 100 W/m K and radial conduc-
tivity as low as the polymer conductivity of 0.4 W/m K.

Although numerous pin fin analyses exist in the litera-
ture [5-17], including the derivation of temperature and
heat flow equations for two-dimensional isotropic pin fins
[9,12], the impact of orthotropic thermal conductivity on
the thermal performance of polymer composite fins has
yet to be established. Failure to properly account for the
role of orthotropy could limit the thermal designer’s ability
to predict and optimize the thermal performance of such
polymer composite fins and heat sinks.

Classical fin, or extended surface, thermal analysis is
based on the Murray-Gardener [5] assumptions, which —
along with other assumptions — neglect the presence of
radial temperature gradients in the fin and anisotropy in
the fin material. It might be anticipated that for low Biot
Number fins, signifying fins that are nearly isothermal in
the radial direction, the classical relations would apply.
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Nomenclature
A area (m?) A eigenvalues
Bi Biot number, hR/k o standard deviation
h heat transfer coefficient (W/m? K)
H pin fin height (m) Subscripts and superscripts
J Bessel function a ambient
k thermal conductivity (W/m K) b fin base
k* fin conductivity ratio, k,/k. c cross section
m fin parameter, (2h/kR)1/ 2 gm geometric mean, (k,kz)l/ 2
q heat flow rate (W) hm harmonic mean (2k.k.)/(k. + k.)
q heat flow parameter, g/kOyR n number
R pin fin radius (m) r radial
T temperature (K) z axial
r,z polar coordinates (m) ‘ correction
Y aspect ratio, y = H/R 0 zero order
n fin efficiency 1 Ist order
0 T-T,
Alternately, for large Bi fins with significant radial gradi- 2 D-0.9. He'5
ents, fin thermal performance can be expected to depart 2 = esem Classical 1D [6]
from the classical relations. This behavior may be observed @35
in Fig. 1, showing a comparison between fin heat transfer e
rates obtained with an analytical two-dimensional isotropic i%é
solution [9,12,21] and values predicted by the classical and % i .
modified classical [8] relations. It may be seen that isotropic 8 ig Analytical 2D (Eq. (10)
pin fin heat transfer rates can be determined using the clas- § B
sical pin fin equations [6,7] only up to Biot numbers of E}é
approximately 0.9 with less than a 10% discrepancy com- g 2 Modified 1D [8]
pared to two-dimensional isotropic solution. The Aparec- .g ;
ido and Cotta modified 1D relation [8] extends this 3
agreement up to Biot numbers of 4 or 5 with a 10-15% dis- S

crepancy. However, beyond these Biot values the classical
1D formulation over-predicts and the modified 1D equa-
tion under-predicts the two-dimensional pin fin cooling
rate [9].

In order to provide a context for the wide range of Biot
numbers, consider a 2.2x 107°m?* (2.2 cm?) polymer pin
fin operating at 80% efficiency. When subjected to a typical
forced convection heat transfer coefficient of 25 W/m? K,
an unenhanced polymer [18,19] pin fin with a thermal con-
ductivity of 0.3 W/m K will have a 10 mm radius and 7 mm
height, yielding a Bi of 0.83. This same volume and mate-

Table 1
Polymer composite properties

012345678 91011121314151617 181920 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35
Biot number (hr/k)

Fig. 1. Variation of non-dimensional isotropic pin fin cooling rate with
radial Biot number (H = 50 mm, D = 9 mm).

rial fin cooled by water, with an ‘%’ of 1000 W/m? K, results
in optimum (80% efficiency) fin radius of 22 mm and
1.45 cm height and display a Biot number of 73. Alterna-
tively, the Bi of a 2.2 cm® fin made of enhanced polymer
with a conductivity of 3 W/m K and cooled by a 25 W/
m? K heat transfer coefficient has 6.25 mm radius and

Parallel to fibers (W/m K)

Normal to fibers (W/m K)  Density (g/cc)  Wt. (%) filler

Filler Matrix

Continuous carbon fiber Polymer [1] 330
Discontinuous carbon fiber ~ Polymer [1] 10-100
Graphite Epoxy [2] 370
Single walled nanotubes Epoxy [3] 0.5
Thermal graph DKD X Lexan [20] HF110-11N 8
Thermal graph DKD X Lexan [20] HF110-11N 11.4
Thermocarb CF300 Zytel 101 [20] NCO010 1.1
Short carbon fiber PPS [21] 15

3-10 1.8 NA
3-10 1.7 NA
6.5 1.94 NA
NA NA 1
0.6 1.38 30
0.74 1.46 40
0.4 1.17 5
4 1.7 80
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1.8 cm height, yielding Bi of 0.052. It may, therefore, be
expected that the performance of unenhanced, isotropic
air cooled fins and enhanced water-cooled fins will display
some significant departures from the classical predictions.
On the other hand, for enhanced polymer fins used in
air-cooled applications, it would appear that reasonably
accurate results can be obtained using the classical 1D solu-
tion for all but the highest heat transfer coefficients.

1.1. Temperature profiles

The observed discrepancies at progressively larger Bi
derive from the inability of the 1D formulation to accu-
rately capture the radial temperature gradients that occur
even in an isotropic pin fin. These gradients are accentu-
ated by low thermal conductivity, large radius, and high
heat transfer coefficients. This behavior can be seen in
Fig. 2(a) and (b) that display, side by side, the one-
dimensional [6] and two-dimensional [12] isotropic tem-
perature distributions for a 9 mm radius and 50 mm high
polymer fin with a thermal conductivity of 1 W/m K and
a radial Biot number of 4.5. The fin has a constant base
temperature of 95 °C and is exposed to an air convective
heat transfer coefficient of 500 W/m? K in a 45 °C ambient
temperature. The classical 1D solution by assumption pro-
duces isotherms that are parallel to the pin fin base and dis-
play no radial temperature variation (Fig. 2(a)). However,
the more rigorous 2D solution, results in isotherms that, at
Bi number of 4.5, are radially parabolic (Fig. 2(b)).

As a consequence of these different temperature profiles,
the 1D solution for the specified pin fin configuration over-
predicts the cooling rate (4.24 W) by 24% compared to the
value predicted by the more rigorous 2D relation (3.42 W).
The use of orthotropic polymer composite pin fins, with
lower radial thermal conductivity than axial thermal con-
ductivity, can be expected to lead to much larger radial

Fin Radial Distance (mm)

Excess Temperature (K)
(Ww) souesI [eIxXy Ul4

- %as
& 8
1D, k=1 W/m-K 2D k=1 W/m-K, k=1 W/m-K

a b

Fig. 2. Analytical excess temperature profile for an orthotropic low
conductivity pin fin (a) 1D temperature field and (b) 2D temperature field.

temperature gradients than experienced in isotropic fins
and, consequently, to greater deviations from the classical
1D fin solutions than seen in this example. If these newly
available composite materials are to be successfully used
for fins and heat sinks it is, thus, imperative that the effect
of thermal orthotropy be incorporated into the thermal
analysis and design of such orthotropic pin fins.

2. Orthotropic pin fin — detailed model
2.1. Analysis

For steady state heat conduction in a radially symmet-
ric, orthotropic fin with no internal heat generation and
with 6 defined as the fin excess temperature, i.e., 0 =
T — T,, the energy equation can be expressed in cylindrical
coordinates, as:

o’0 100 8%
"or? +krr 6r+k

022

k =0. (1)

Solution of this equation is sought under the following
boundary conditions (referring to Fig. 3):

a. Symmetry boundary condition at the fin center line

00
=0 —=0. 2
r 3 (2)
b. Uniform and non-zero heat transfer coefficient at the
fin tip
00
z=0 k.— =ho0. (3)
Oz
c. Uniform heat transfer coefficient at fin surface
00
=R —k,—=h0. 4
g or (4)
d. Fixed fin base excess temperature
z=H 0=0y. (5)

The governing equation for the fin excess temperature,
Eq. (1), is homogeneous and the method of separation of

v

T

Fig. 3. Pin fin coordinates.
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variables can be applied to its solution. Carrying out the
separation of variables and obtaining the needed coeffi-
cients using orthogonality of the Bessel functions and uti-
lizing the stated boundary conditions in Egs. (2) and (3),
the radial and axial variation of the pin fin excess temper-
ature, 6(r,z) is found as [21]:

2 201 ()T o (Fn %)
0(r.z) =20, S 2 Vnlo )
(r,2) = 26, ZI: P02+ B2

[1+exp( 2[/1 (k")"*2/R + tanh™" (Bm)m
{l—kexp( 2{ (k) 2 + tanh™! (B’i“‘)D}
In(k*)2(H = 2)/R)

X

x exp(—
(6)

Heat flow in such an orthotropic fin can be determined
by applying Fourier’s Law at the base of the fin. Thus, dif-
ferentiation of Eq. (6) and evaluation of the temperature
gradient at z = H, yields the relation for a fin heat flow,
qv, as [217:

Bi?
Jn| 7 + Bi?]

[1 —exp (—z [;,,y(k*)‘/z + tanh™ (3)} )}
[1 Lexp (—2 [; y(k)Y? + tanh™ (B’m)} )}

The eigenvalues for both Egs. (6) and (7) are found by
using the boundary condition expressed by Eq. (3) to
obtain the following eigenvalue equation:

2(0) =2 10(0) (8)

n

q, = 4nk 0,R(K l/zxz

X

(7)

In order to conform to classical form, the exponential
terms in Eq. (7) can be converted to hyperbolic tangents,
yielding:

Bi?
nl22 + B

12 .
x tanh lﬂv,,y <]]§r> + tanh ™' <B:gm)] 9)

It is to be noted that eliminating the orthotropy con-
tained in Eq. (7) by setting, k&, = k. = k and, hence Bi, =
Bigm = Bi, and k" =1 yields the 2D isotropic pin fin Eq.
(10).

qy = 4mk.0uR (k" 1/22

Bi?
= 4nkO,R _
o = 2 xzﬂ 2+ B

) [1 —exp (—2[’«“/ + tanh” (&)m (10)
[1 +exp (*2 [M + tanh™! (£>m

Eq. (10) can be further rearranged [21], using Eq. (8), to
take on the form of the two-dimensional isotropic relation
appearing in the literature [9], i.e.,

Il ()
Ty = 4”k9bRxZ [+ BEIo(2)]

Ansinh 4,7 + Bicosh 1,y
Ancosh 4,y + Bisinh 4,4

3. Orthotropic pin fin results
3.1. Analyticallnumerical comparison

Fig. 4 displays a comparison of the analytical and
numerical converged results obtained using ANSYS 7.1
[21] for the heat flow from an orthotropic pin fin 5 cm in
length and 0.9 cm in diameter, with an axial thermal con-
ductivity of 20 W/m K, subjected to a heat transfer coeffi-
cient variation from 10 to 5000 W/m?K and a base
excess temperature of 40 K. A total of 99 distinct data
points are shown for three different thermal conductivity
ratios, k* =0.015, 0.25, and 1, and radial Biot numbers
varying from 0.01 to 15. The plot clearly indicates very
strong agreement (standard deviation, ¢ = 0.073) between
the analytical results obtained with Eq. (7) and the 3D
FEM simulation results using ANSYS 7.1. The FEM sim-
ulation was performed with a free mesh of up to 100000
solid 70 elements for various described boundary condi-
tions [21].

3.2. Temperature profile

The impact of thermal orthotropy can be clearly seen in
Fig. 5, showing a comparison of the temperature profile for
an isotropic and orthotropic fin, respectively. The temper-
ature distribution for a pin fin with an isotropic thermal
conductivity of 11.4 W/m K obtained via the 2D isotropic
relation, Eq. (10), is shown in Fig. 5(a). Fig. 5(b) displays
the temperature field for a thermally enhanced, orthotropic
polymer pin fin case depicted in Table 1 with an axial
thermal conductivity 11.4 and 0.74 W/m K radial thermal

25 - L=5cm, D=0.9¢cm, k,=20 W/m-K

N
o
1

——k*=1
-#- k*=0.25
—k*=0.015

q (W), Numerical
o

o

0 5 10 15 20 25
q (W), Analytical

Fig. 4. Comparison of analytical and numerical orthotropic pin fin heat
transfer rates — various conductivity ratios.
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2D k,=11.4 W/m-K, k=0.74 W/m-K 2D k=11.4 W/m-K

a b

Fig. 5. Analytical excess temperature profile for a pin fin (a) Isotropic
2D — Eq. (10). (b) Orthotropic 2D — Eq. (7) (H=50mm, D =9 mm,
h =500 W/m? K).

conductivity, obtained via Eq. (7). The pin fin in both cases
has a 9 mm diameter and a 50 mm height; the fin base tem-
perature is fixed at 95°C in an ambient temperature of
45 °C, and is exposed to a uniform convective heat transfer
coefficient of 500 W/m? K.

Fig. 5(b) clearly displays the two-dimensional character
of the temperature distribution in an orthotropic pin fin,
reflected in the far strong radial curvature of the isotherms
throughout the fin volume than seen in the 2D isotropic
temperature distribution Ignoring these increased radial
temperature gradients by assuming isotropic axial conduc-
tivity leads to a 25% over prediction in the fin heat transfer
rate (11 W versus 13.8 W). It is to be noted that application
of the classical isotropic 1D fin analysis results in a further
over prediction by some 5% and an erroneous heat transfer
rate of 14.3 W for this geometry and operating conditions.

3.3. Thermal conductivity

Fig. 6 depicts the relatively weak, though complex, cool-
ing rate dependence on the radial thermal conductivity,

40

D=0.9 cm, H=5 cm
k,=300 (W/m-K)
35 4
30 4
P
E 25 4
o
3
S 20
o
c
= 15
8 k,=30 (W/m-K)
O 10 4 /‘—A—h—-ﬁ
5 k,=3 (W/m-K)
i T o k,=0.3 (W/m-K)
0 — T T T T T !
0 5 10 15 20 25 30 35

k,(W/m-K)

Fig. 6. Orthotropic pin fin cooling rate variation with radial and axial
thermal conductivity — Eq. (9).

showing the cooling rate to increase linearly at relatively
small values of k,, followed by a gentle asymptotic rise over
a large range of k, values, for each value of k.. Despite the
complex functional dependence of ¢, on &, in Eq. (9), this
behavior may well reflect the presence of k, in the argument
of the hyperbolic tangent function in the summation of
eigenvalued terms. For the conditions studied numerically,
the asymptotic domain appears to begin at progressively
higher k, values as the axial thermal conductivity value
increases, transitioning to the asymptotic plateau at a radial
thermal conductivity approximately one tenth of the axial
thermal conductivity value. Thus for k. = 300 W/m K the
asymptotic transition occurs in the vicinity of k.= 30
W/m K, while for an axial thermal conductivity of 30
W/m K, the asymptotic zone begins at k,=3 W/m K.
The fin heat transfer rate follows an approximately square
root dependence on axial conductivity as it increases from
0.3 to 300 W/m K.

3.4. Conductivity ratios

The effect of the thermal conductivity ratio on the pin fin
cooling rate is depicted in Fig. 7 for the previously
described case. In general the fin heat transfer rate
increases with k™ and asymptotically approaches the limit
associated with the classical 1D relation. For the lowest
heat transfer coefficient studied (10 W/m? K), the improve-
ment is nearly zero, while for the highest heat transfer
coefficient (5000 W/m? K), a four-fold improvement is
attained. The asymptotic limit is reached at k* values of
approximately unity, though for the high heat transfer
coefficients that the fin could experience in water cooled
heat exchangers [18] (7 = 5000 W/m? K) the cooling rate
continue to improve up to k* values of 4.

The results shown in Fig. 8 for variable fin height and
for a fixed heat transfer coefficient of 100 W/m? K, display-
ing the strong effect on the cooling rate of k* values below
unity and a progressively weaker effect for larger values of
k*, reinforces this conclusion. As the conductivity ratio
increases, the radial temperature gradients diminish and

25

H=5cm, D=0.9¢cm, k, =20 W/m-K

h=5000 W/m2-K

20
215
2
[}
1
gﬂﬂ h=1000 W/m2-K
2 h=500 W/m?-K
8s h=250 W/m2-K
h=100 W/m2-K
h=50 W/m2-K
0 ——————————————; h=10W/m2K
0 0.5 1 1.5 2 2.5 3 3.5 4
k*=k/k,

Fig. 7. Orthotropic pin fin cooling rate variation with thermal anisotropy
- Eq. (9).



1160 R. Bahadur, A. Bar-Cohen | International Journal of Heat and Mass Transfer 50 (2007) 1155-1162

k,= 20 W/m-K, D=0.9 cm

10 - h=1000 W/m>-K =15
9 - h=1000 W/m2-K . K'=1.5
_ 87 h=1000 W/m2-K k=1
; 7 k*=0.15
< h=1000 W/m2-K
E B k*=0.015
° ]
£44°
S k*=1.5
S 3 h=100 Wim?K, , 4 4 + k=015
2 aapttft 5557 T jegors K005
14 ettt
Lt h=10 W/im>K = = = |, k*=0.015-1.5

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
Pin Fin Height (m)

Fig. 8. Orthotropic pin fin cooling rate variation with fin height — Eq. (9).

at k™ of unity or greater the heat transfer rate of this nearly
radially-isothermal fin indeed should approach the heat
transfer rates obtained from the classical 1D relation.

3.5. Fin height

The variation of the pin fin cooling rate with fin height,
for a fixed axial thermal conductivity of 20 W/m K in an
isothermal medium with a fixed heat transfer coefficient
of 1000 W/m? K, is shown in Fig. 8. Interestingly, the var-
iation with height — at conductivity ratios of unity as well
as higher and lower values — mimics the asymptotic
approach (typically hyperbolic tangent variation) to the
maximum fin heat transfer rate found in the classical 1D
pin fin solution. This behavior reflects the appearance of
the fin height in the argument of the hyperbolic tangent
inside the eigenvalued summation in Eq. (9). For a pin
fin with fixed axial 20 W/m K and diameter of 9 mm, this
optimum fin height is relatively constant at 0.015 m for a
fixed heat transfer coefficient 1000 W/m? K over a broad
conductivity ratio range obtained by varying radial thermal
conductivity. The relatively weak dependence of the opti-
mum pin fin height on the conductivity ratio has been
further verified for heat transfer coefficients of 10 and
100 W/m? K, as shown in Fig. 8.

3.6. Effective conductivity

In the interest of streamlined thermal design, it is tempt-
ing to explore the potential for capturing the orthotropic
effect through the use of an “effective” thermal conductiv-
ity in the classical 1D relation. Fig. 9 displays the cooling
rates obtained using Eq. (7) for a single orthotropic pin
fin of diameter 9 mm, fin height 50 mm, and a conductivity
ratio of 60, subjected to a range of heat transfer coefficients
and using several alternative definitions of “effective” ther-
mal conductivity .

Examining Fig. 9, it is to be noted that the use of an
effective thermal conductivity value based on the axial con-
ductivity alone, as well as on the harmonic mean (0.6 W/

16 k,=20, k=0.3 W/m-K, K o
o/
14 7 D=0.9cm, H=5cm -~
~
12 7~
”
Eq. (7)

Cooling rate (W)
© o
1 1

A—
— =
=

—

khm
+ == 33k

T T T T T
1000 1500 2000 2500 3000
h (W/m2-K)

T
0 500

Fig. 9. Orthotropic pin fin cooling rate based on 1D model with effective
thermal conductivities.

m K) or geometric mean (2.45 W/mK) of &, and k., or
the radial conductivity alone, is incapable of predicting —
even approximately — the cooling rate of the orthotropic
fin over the broad range of heat transfer coefficients stud-
ied. However, for air-cooling heat transfer coefficients up
to approximately 70 W/m? K, use of the axial thermal
conductivity does provide a predictive accuracy to within
8%.

Moreover, even when the two-dimensional isotropic
relation is used (Eq. 10), Fig. 10 reveals that none of the
effective single thermal conductivity values can be used to
accurately predicts the orthotropic pin fin cooling rate,
for heat transfer coefficients above 70 W/m? K. For / val-
ues of about 80 W/m? K the 2D isotropic prediction shows
an approximately 10% discrepancy, which grows to 110%
at 1500 W/m” K, relative to the 2D orthotropic results
using Eq. (9).

Cooling rate (W)

T T
0 100 200 300 400 500 600 700
h (W/m>-K)

Fig. 10. Orthotropic pin fin cooling rate based on isotropic 2D relation
with effective thermal conductivities.
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4. Approximate orthotropic pin fin relations
4.1. Tip insulated fin

For typical pin fin geometries, fin tip area is a small frac-
tion of the total wetted area. Therefore it is possible to
approximate fin heat transfer by assuming negligible heat
transfer from the pin fin tip. Setting 06/0z to zero in Eq.
(3) at the fin tip, and repeating the analysis described
above, the total heat transfer rate from the lateral surface
area of a tip-insulated pin fin is found to be expressible as

100

o2
Z )2+Bl 7]

x tanh <z,, (i—:)lﬂy) (12)

Using a modified fin height which includes the tip area,
i.e., adding one quarter of the pin diameter to pin fin height
[7], in Eq. (12) increases the accuracy of this relation.

Fig. 11 displays a comparison between the orthotropic
pin fin cooling rates, calculated using Eq. (12) with modi-
fied pin fin height, spanning aspect ratios (H/R) of 3-100,
thermal conductivity ratios (k*) from 0.015 to 1, and heat
transfer coefficients ranging from 10 to 5000 W/m? K, for
a total of 547 different cases. The largest discrepancy
observed was 3.7%, for the lowest fin aspect ratio of 3,
the thermal conductivity ratio of 0.05, and the highest
considered heat transfer coefficient of 5000 W/m? K. As
anticipated, the error associated with the simplified formu-
lation of Eq. (12) decreases monotonically with increasing
aspect ratio and conductivity ratio.

= —4nk,0,R(k

4.2. Domain-specific relations

Below Biot number of 0.4 using 1D classical solution
with axial high thermal conductivity value provides inaccu-
racy in heat flow rate prediction within 5%. For radial Biot

24 1
22 1 k,=20,k=1-20 W/m-K, Y=1.2-24

20
7/

18 o, s

16
14 4 xxr‘x?(

12 1 &
10 1 _

8 1 o

6-
4 -
24

0 ) ) ) ) ) ) ) ) ) )

1
0 2 4 6 8 10 12 14 16 18 20 22
q (W) simplified equation

q (W) exact equation
%

Fig. 11. Comparison of orthotropic cooling rates using insulated tip pin
fin equation (Eq. (12)).

Numbers greater than 0.4 combined with describe ortho-
tropic thermal conductivity values, the cooling rates have
been found to depart significantly from the classical 1D iso-
tropic conductivity solution. A major limitation in the use
of the previously derived Eq. (9) to determine the orthotro-
pic pin fin heat transfer rate is the need for calculating and
summing a series of eigenvalues. Based on an extensive
parametric study, it has, however, been found possible to
represent the orthotropic effects with far simpler equations
for each of two distinct heat transfer domains.

For 0.4 < Bi < 2, corresponding to aggressive air cool-
ing or water cooled free convection scenarios, Eq. (13)
was found to offer results within 5% of the eigenvalue
based solution, Eq. (9).

q = —4nk.0,R(k*)"/*(0.1333 In(Bi,) + 0.3325)
x tanh[(0.476 In(Bi,) + 1.2632)(k*)"/*y). (13)

Similarly for 2 < Bi < 35, generally corresponding to
forced convection water cooling, Eq. (14) was found to
yield results well within 5% of the eigenvalue solution,
Eq. (9), capturing the relatively prominent orthotropic
effects in this domain.

q = —4nk.0,R(K*)"/*(0.2473 In(Bi,) + 0.2456)
x tanh[(0.156 In(Bi,) + 1.8035)(k*)"/%y). (14)

The comparison of the exact 2D orthotropic pin fin Eq.
(9) with the proposed domain-specific Eq. (13) and Eq.
(14), for the intermediate and high Bi range, respectively,
is shown in Fig. 12, using a total of 560 data points. The
aspect ratio ranges from 2.4 to 24 and radial Biot number
ranges from 0.1 to 22.5. For aspect ratios of 2.4 and higher
the values obtained via Egs. (13) and (14) were found to fall
within 5%, with the highest accuracy at the center of the
prescribed radial Biot range and poorer agreement towards
the limits. The highest discrepancy among considered cases
in Fig. 12 is 5% obtained in case of a radial Biot number of

25 -
- Y=3-100, Bir=0.015-75, k*=0.05-1
N
T 201
g -
= o*
S 151 o
T .0"
g .*
g 10 T 0. .-.
] R
E *
=]
2 5 R
£ »

‘(0
0+ . . . . .
0 5 10 15 20 25

2D orthotropic exact, q (W), Eq. (7)

Fig. 12. Comparison of orthotropic pin fin heat transfer rates — 2D exact
(Eq. (7)) and domain-specific relations (Egs. (13) and (14)).
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2 and aspect ratio of 2.4 using intermediate Eq. (13). Sim-
ilarly, the highest discrepancy of 3.6% in using the high Bi
range Eq. (14) is obtained at a radial Biot of 2.25 and
aspect ratio of 11:1.

5. Conclusions

A closed form analytical solution for heat transfer from
a cylindrical pin fin with orthotropic thermal conductivity
is proposed. The resulting relation was numerically vali-
dated over a broad parametric range, including fin thermal
conductivity ratios of 0.015-15, aspect ratios of 4-100, and
radial Biot numbers of 0.0056-75. A tip-insulated approx-
imation, yielding agreement to within 3.7% of the exact
closed form equation for fin aspect ratios greater than 3,
was also found.

For the parametric range studied, the impact of ortho-
tropy on the pin fin heat transfer rate is found to increase
with the radial Biot number and to decrease with increasing
thermal conductivity ratio (radial/axial) and fin aspect
ratio. Using these relations, it is determined that fin ortho-
tropy does not materially affect the behavior of typical
air-cooled fins. Alternatively, for heat transfer coefficients
achievable with water cooling and conductivity ratios
below 0.1, the fin heat transfer rate can fall more than
25% below the “‘classical” heat transfer rates.

Simplified, domain-specific pin fin heat flow solutions,
convenient for thermal design and optimization of fin
arrays, are proposed and shown to yield agreement to
within 5% of the exact orthotropic relation.
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